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Abstract 

In this paper, let n > 2 be an integer, P = diag{—In-K, Ik, —In-K., Ik) for some integer 
K G [0,n — 1), and S C R^" be a partially symmetric compact convex hypersurface, i.e., x G T, 
implies Px G S. We prove that ifY, is (r, R)-pinched with y < then S carries at least two 
geometrically distinct P-symmetric closed characteristics which possess at least 2n — Ak Floquet 
multipliers on the unit circle of the complex plane. 
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1 Introduction and main results 

In this paper, we consider the stability of P-symmetric closed characteristics on partially symmetric 
hypersurfaces in Let S be a compact hypersurface in bounding a strictly convex 
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compact set U with non-empty interior, where n > 2. We denote the set of all such hypersurfaces 
by 'H{2n). Without loss of generality, we suppose U contains the origin. We consider closed 
characteristics (r, y) on S, which are solutions of the following problem 


y(t) = JN^{y{t)), y{t) G S, V t G R, 
y(r) = y( 0 ). 


where J 


0 -In 
In 0 


, In is the identity matrix in R"" and N^{y) is the outward normal unit 


vector of S at y normalized by the condition Nj]{y) ■ y = \. Here a ■ b denotes the standard inner 
product of a, 6 G R^”. A closed characteristic (r, y) is prime if r is the minimal period of y. Two 
closed characteristics (t,x) and (cr, y) are geometrically distinct, if x(R) ^ y(R)- We denote by 
J7^(S) the set of all closed characteristics (r, y) on S with r being the minimal period of y. For any 
Si,ti G R^* with i = 1,2, we denote by (si,ti) o {s 2 ,t 2 ) = {si, S 2 ,ti,t 2 ). Fixing an integer k with 
0 < K < n — 1, let P = diag{—In-K, Ik, —In-K,lK) and 'Hi^{2n) = {S G 'H{2n) | x G S implies Px G 
S}. For S G let S(k) = {z G R^'' | Oo z G S}, where 0 is the origin in As in 

[DiLT], A closed characteristic (r, y) on S G is P-asymmetric if y(R) H Py(R) = 0, it is 

P-symmetric if y(R) = Py(R) with y = yi o y 2 and yi 7 ^ 0, or it is P-fixed if y(R) = Py(R) and 
y = Oo y 2 , where yi G y 2 G R^'^. We call a closed characteristic (r,y) is P-invariant if 

y(R) = Py(R). Then a P-invariant closed characteristic is P-symmetric or P-fixed. 

Let j : R^*^ —)• R be the gauge function of S, i.e., j{Xx) = A for x G S and A > 0, then 
j G C'^(R^"' \ {0},R) n (^^(R^^jR) and S = Fix a constant a G (l,+oo) and define the 

Hamiltonian Ha : R^"" —[0, + 00 ) by 


Ha{x) := j(x)" 


Then Ha G C'^(R^"' \ {0},R) n C'°(R^"',R) is convex and S = P^^(l). It is well known that the 
problem (1.1) is equivalent to the following given energy problem of the Hamiltonian system 

' y{t) = JH'a{y{t)),Ha{y{t)) = 1, V t G R, 

( 1 . 2 ) 

y(r) = y( 0 ). 

\ 

Denote by J (S, a) the set of all solutions (r, y) of the problem (1.2), where r is the minimal period 
of y. Note that elements in and J(Ti,a) are in one to one correspondence with each other. 

Let (r, y) G We call the fundamental solution 7 ^^ : [0, r] —)• Sp{2n) with 7 y( 0 ) = l 2 n of the 

linearized Hamiltonian system 


z{t) = JH'^{y{t))z{t), V t G R. 
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the associated symplectic path of {T,y). The eigenvalue of 7 y(T) are called Floquet multipliers of 
{T,y). By Proposition 1.6.13 of [Ekelj . the Floquet multipliers with their multiplicities and Krein 
type numbers of (r, y) ^ J (S, a) do not depend on the particular choice of the Hamiltonian function 
in (1.2). As in Chapter 15 of [Lonlj . for any symplectic matrix M, we define the elliptic height 
e{M) of M by the total algebraic multiplicity of all eigenvalues of M on the unit circle U in the 
complex plane C. And for any (r,y) E we define e{T,y) = e( 7 j^(r)), and call (r,y) elliptic 

or hyperbolic if e(r, y) = 2n or e(r, y) = 2, respectively. 

As in Definition 5.1.6 of [Ekelj . a hypersurface S bounding a compact convex set U, con¬ 
taining 0 in its interior is (r, R)-pinched, with 0 < r < i?, if; 

\y?R-^ < \{H'l{x)y,y) < \y\^r-\ V x E S. 

For the existence, multiplicity and stability of closed characteristics on convex compact hyper¬ 
surfaces in we refer to [RM IWSm [Em IEM laFTl lEl^l ISiCT IL^ IWl^ and 

references therein. It is very interesting to consider closed characteristics on hypersurfaces with 
special symmetries. [Wanl[ ILiu2[ iZhalj studied the multiplicity of closed characteristics with sym¬ 
metries on convex compact hypersurfaces without pinching conditions. For the stability problem of 
closed characteristics with symmetries, in [HuSlj of 2009, Hu and Sun studied the index theory and 
stability of periodic solutions in Hamiltonian systems with symmetries. As application they stud¬ 
ied the stability of figure-eight orbit due to Chenciner and Montgomery in the planar three-body 
problems with equal masses. In |Liul| . Liu studied the stability of symmetric closed characteristics 
on central symmetric compact convex hypersurfaces under a pinching condition. In [DoL2] . Dong 
and Long proved that there exists at least one P-invariant closed characteristic which possesses at 
least 2n — Ak Floquet multipliers on the unit circle of the complex plane. In this paper, we can 
obtain two such closed characteristics under a pinching condition: 

Theorem 1.1. Assume S E ^^(2^.) and 0 < r < |x| < i?, V x E E with Then there 

exist at least two geometrically distinct P-symmetric closed characteristics which possess at least 
2n — Ak Floquet multipliers on the unit circle of the complex plane. 

Remark 1.2. In the above Theorem 1.1, let k = 0, the P-symmetric closed characteristic is 
just symmetric and the P-fixed closed characteristics vanish, so Theorem 1.1 covers Theorem 1.1 
of [Liul] . 

In this paper, let N, Nq, Z, Q, R and C denote the sets of natural integers, non-negative integers, 
integers, rational numbers, real numbers and complex numbers respectively. Denote by a • 6 and 
|a| the standard inner product and norm in R^"". Denote by (•, •) and || • || the standard L^-inner 
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product and L^-norm. For an S^-space X, we denote by Xgi the homotopy quotient of X by 5^, 


i.e., Xgi = S°° X 51 X, where S°° is the unit sphere in an infinite dimensional complex Hilbert 
space, we define the functions 

[a] = max{/c G Z \ k < a}, {a} = a — [a], E{a) = minj/c G Z \ k > a}, (p{a) = E{a) — [a]. 

Specially, (?!)(a) = 0 if a € Z, and (/>(a) = 1 if a ^ Z. We use Q coefficients for all homological 
modules. 

2 A variational structure for P-invariant closed characteristics 

In the rest of this paper, we fix a S E 71 ^( 271 ). In this section, we review a variational structure for 
P-invariant closed characteristics established in |Liu2j . 

As in |Liu2] . we associate with U a convex function Ha- Consider the fixed period problem 



( 2 . 1 ) 


Then by Proposition 2.2 of [Liu2| . nonzero solutions of (2.1) are in one to one correspondence with 
P-symmetric closed characteristics with period t < a and P-fixed closed characteristics with period 

5 < I • Let 




( 2 . 2 ) 


Define a linear operator H^ : L\ (O, L\ (O, |) by 


(nKn)(t) = xi{t)ox2{t) 



for any u = U1OU2 G L\ (O, . 

The corresponding Clarke-Ekeland dual action functional is defined by 


where Ga is the Fenchel transform of Ha defined by Ga(x) = sup{x • y — Ha{y) \ y G R^"'}. By 



Proposition 2.6 of |Liu2| . Ta is on (0, and satisfies the Palais-Smale condition. Suppose 
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X is a solution of (2.1). Then u = x\s a. critical point of Tq. Conversely, suppose u is a critical point 
of Tq. Then there exists a unique ^ G such that H^u — ^ is a solution of (2.1). In particular, 
solutions of (2.1) are in one to one correspondence with critical points of Moreover, '!'„(«) < 0 
for every critical point tt 7 ^ 0 of 

Suppose u is a nonzero critical point of Then the formal Hessian of Tq at u is defined by 

Qa{v,v) = f [Jv-Ui^v + G"{-Ju)Jv ■ Jv) dt, (2.4) 

Jo 

which defines an orthogonal splitting (O, ^) = E- ®EoQ)E^ of (O, ^) into negative, zero and 
positive subspaces. The index of u is defined by i{u) = dimE- and the nullity of u is defined by 
v{u) = dimEo. cf. Dehnition 2.10 of [Liu2| . 

Note that we can identify (O, |) with the space {u G L^(R/Z, R^”' ) I ^1(0,1/2) £ -^^k( 0 , 

^) = Pu{t)}. Then we have a natural S'^-action on ( 0 , defined hy 0 * u{t) = u{9 + t), for all 
eeS^ = R/Z and t G R. By Lemma 2.8 of |Liu2| . Tq is S'^-invariant. Hence if u is a critical point 
of Ta, then the whole orbit ■ u is formed by critical points of Denote by crit{'^a) the set of 
critical points of Tq. Then crit(Ta) is compact by the Palais-Smale condition. 

Recall that for a principal [/(l)-bundle E ^ B, the Fadell-Rabinowitz index (cf. [FaR lj ) of E 
is defined to be sup{A; | ci{E)^~^ / 0}, where ci{E) G H‘^{B,Q) is the first rational Chern class. 
For a C/(l)-space, i.e., a topological space X with a 17(l)-action, the Fadell-Rabinowitz index is 
defined to be the index of the bundle X x S°° —)■ X Xu{i) S°°, where S°° —>• CP°° is the universal 
U (l)-bundle. 

As on Page 199 of |Ekel| . we choose some a G (1,2) and associate with U a convex function 
H{x) = j{x)°‘,yx G R^"". Consider the fixed period problem 

f x(t) = JH'(x(t)), 

I xQ) = Px(0). 

The corresponding Clarke-Ekeland dual action functional on (O, is defined by 

^'(n) = jj Q Ju • U^u + H*{-Ju)^ dt,yu G Ll (^0, , 

where El* is the Fenchel transform of H. 

For any 1 G R, we denote by 

= ju; G LliO, i) I ^(w) < . (2.5) 

As in Section 2 of |Liu2j . we define 

a = inf{(5 G R I /(T^-) > i}. (2.6) 
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where I is the Fadell-Rabinowitz index defined above. Then 


Cl <C2 < ■■■Ci < Cj+l < • • • < 0. 

By Propositions 2.15 and 2.16 of [Liu2] . we have 

Proposition 2.1. Every Ci is a critical value of T. If ci = Cj for some i < j, then there are 
infinitely many geometrically distinct P-invariant closed characteristics on S. 

Proposition 2.2. For every z E N, there is a critical point Ua o/T found in Proposition 2.1 
such that 


^{Ua)=Ci, Csl^ 2 i- 2 {'^a,S^ ■ u) 0 (2.7) 

where u is a critical point of corresponding to Ua in the natural sense. In particular, we have 
i{u) < 2{i — 1) < i{u) + ^{u) — 1. 


3 Index iteration theory for P-symmetric closed characteristics 


In this section, we review the index iteration theory for P-symmetric closed characteristics which 
was studied in Section 3 of |Liu2| . 

Note that if (r, ?/) is P-symmetric, then ((2m — l)r, z/) is P-symmetric for any m E N. Thus 
((2m— l)r, y) corresponds to a critical point of via Propositions 2.2 and 2.6 of |Liu2] . we denote 
it by Recall that the action of a closed characteristic (r, y) is defined by (cf. P.190 of |Ekel] i 


= \ {Jy-y)dt. 

Lemma 3.1.(cf. Lemma 3.1 of [Liu2] l Suppose is a nonzero critical point of such 

that u corresponds to P-symmetric closed characteristic {T,y). Let Il 2 {x) = j^(x), where j is the 
gauge function ofT,. And by (21) in P.191 of lEkel^ . T 2 = A{T,y). Then z(tt^”^“^) equals the index 
of the following quadratic form 


^(2m—1 )t2/2 

(I(27n-1)T2/2,K{V,V) := / [{Jv,U^2m-l)T2/2,Kv) + {H2iyit))~^Jv,Jv)]dt. (3.1) 

Jo 

where v E L^( 0 , ( 2 m — 1)t2/2), the definitions of q(2m-i)T2/2,K,; ^(2m- i)t 2 / 2 ,k, ^k( 0 , ( 2 m- l)r2/2) 
are as in section 3 of jPoL^ . Moreover, we have = v {q{ 2 m-i)T 2 / 2 ,K) ~ 1- 

Now we consider the linear Hamiltonian system 


i{t) = jA{t)i, 

A{t + T 2 / 2 ) = PA{t)P. 
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where A{t) = H 2 {y{t)). Denote by ip{A, k) and i^p(A, k) the index and nullity of the fc-th iteration 
of the system (3.2) defined by Dong and Long (cf. Definition 3.4 of [DoL2j i. Denote by ip,1(7^’'^) 
and i^p,i(7^’^) the P-index and P-nullity of the fc-th iteration of the system (3.2) defined by Dong 
and Long (cf. Section 3 of [Do Ml), where 7^ is the fundamental solution of (3.2) with 7^1 (0) = l2n- 
Then we have 

Theorem 3.2.(cf. Theorem 3.2 of |Liu2| i If is a nonzero critical point 0/ such that 

u corresponds to P-symmetric closed characteristic (r, y). Then we have 

i(u^'""^) = if {A, 2m-l) = ip,1(7 ^™"^’'^) - k, 

= nf{A, 2m - 1) - 1 = ^'p,i(7^""“^’'^) - 1. (3.3) 

Now we compute i(ri^™'“^) via the index iteration method in [Lonl] and |DoLl| . First we recall 
briefly an index theory for symplectic paths. All the details can be found in [Lonlj . [DoLl] and 
|Liu2j . 

In the following of this section, we assume P is some matrix of pattern {—l 2 s- 2 t) o where 
0 < t < s. 

As usual, the symplectic group Sp{2n) is defined by 

Sp{2n) = {M £ GL(2n,R) | M'^JM = J}, 

whose topology is induced from that of For r > 0 we are interested in paths in Sp{2n): 

Vr{2n) = {7 E C'([0,r],5p(2n)) | 7(0) = hn}, 

which is equipped with the topology induced from that of Sp{2n). The following real function was 
introduced in [DolT] : 

Dp,UM) = Cd'^detiM - coP), V w E U, M E Sp{2n). 

where U is the unit circle in the complex plane. Thus for any a; E U the following codimension 1 
hypersurface in Sp{2n) is defined in [DoLlj : 

Sp{2nfp^^ = {M E Sp{2n) \ Dp^^{M) = 0}. 

For any M E Sp{2n)f^, we define a co-orientation of Sp{2n)f^ at M by the positive direction 
■^AIe^^'^\t=o of the path with 0 < t < 1 and e > 0 being sufficiently small. Let 

Sp{2n)f^ = Sp{2n)\Sp{2n)%^^, 

= {7 e Vri^n) I 7 r E Sp{2n)*p J, 

=T^ri2n)\V*p^^j2n). 
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For any two continuous arcs ^ and r] : [0,r] —> Sp{2n) with ^(r) = r/(0), it is defined as usual: 




e(2t), ifO<t< rjl, 
r]{2t — 1), if r/2 < t < t. 


Ajf. Bj. 

Given any two 2mk x 2mk matrices of square block form = | | with /c = 1, 2, as in 

Ck Dk 

[Lonlj . the o-product of Mi and M2 is defined by the following 2(mi + m 2 ) x 2(mi + m2) matrix 
Ml o M 2 : 

( Ai 0 Bi 0 \ 

0 ^2 0 ^2 

Cl 0 0 

y 0 C2 0 D 2 j 

Denote by M^^ the fc-fold o-product M o ■ ■ ■ o M. Note that the o-product of any two symplectic 
matrices is symplectic. For any two paths 7^ G VT{2nj) with j = 0 and 1, let 71072(t) = 71 (t)072(f) 
for all t G [0, r], 

A special path G Vr{2n) is defined by 


Ml o M 2 = 


Ut) = 


2 - 


, for 0 <t < T. 


0 (2-^)-i 

Definition 3.3. (cf. [DoLl] , also Definition 3.3 of |Liu2| l For any w G U and M G Sp{2n), via 
Definition 5.4.4 in [Lonl| . we define 


^p,u}{M) = dimckerc{M — ujP). 


(3.4) 


For any r > 0 and 7 G Vri^n), define 




(3.5) 


If 7 G Pp^r,uj{‘2'n), define 


ip,U'l) = [Sp{‘^nfp^^ : 7 * Cn], 


(3.6) 


where the right hand side of (3.6) is the usual homotopy intersection number, and the orientation 
of 7 * Cn is its positive time direction under homotopy with fixed end points. 












If 7 £ ^Ptw( 2^)) Ist F{^) be the set of all open neighborhoods of 7 in T’ri'in), and define 


ip,u,{l) = snp inf {fp,a;(/3) 1 /3 G 17 n V*p^^{2n)]. 

uem) 


(3.7) 


Then 


(fp,a;(7), ’^pAi)) G Z X {0,1, • • • , 2n}, 


(3.8) 


is called the P-index function of 7 at a;. 

For any M G Sp{2n) and cj G U, the splitting numbers S^j{P,A of M at {P,A ^^e defined by 


SmAA = *p,..exp(±y^e)(7) - ipAl), 

for any path 7 G Vr{2n) satisfying 7(r) = M. 

Let Q^{M) be the path connected component containing M = 7 (t) of the set 

fI(M) = {N £ Sp{2n) I a{N) n U = ct(M) n U and 

u^{N) = i/a(M), VA G a{M) n U} 

Here H^(M) is called the homotopy component of M in Sp(2n). 

In |Lonl| . the following symplectic matrices were introduced as basic normal forms: 

/ A 0 . 

D{X)= \,X = ±2, 

\ 0 A-^ 

( X b\ 

^i(-^)&) = I >^ = ±1)0) 

y 0 A 

. cos 6 — sin 6 . 

R{e) =1 I ,0 G (0,7r) U (7r,27r), 

sin 9 cos 9 

. 7?(0) B . 

N2{uj,B)=\ ,6» G (0,7r) U (7r,27r), 

0 Ri9) 


(3.9) 


(3.10) 

(3.11) 


(3.12) 

(3.13) 

(3.14) 

(3.15) 


bi 62 

where B = \ | with 6j G R and 62 / 1^3- 

63 64 

Splitting numbers possess the following properties: 

Lemma 3.4.(cf. Proposition 3.8 of [DoLlj l Let {puj{MP),qi^{MP)) denote the Krein type of 
MP at uj. For any M G Sp{2n) and cj G U, the splitting numbers S^{P,A are well defined and 
satisfy the following properties. 
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(i) S^{P,uj) = S^p{u}), where the right-hand side is the splitting numbers given by Definition 


9 . 1.4 of ILonl^ . 

(ii) S+{P,u:) - Sfi,iP,u) = pUMP) - qUMP). 

(ill) S^{P,uj) = S%{P,u:) ifNP G n^{MP). 

+ 'S'm 2(^2 ,w) for Mj,Pj G Sp{2nj) with nj G {1, • • • ,re} satis¬ 
fying P = PiO P 2 and ni + n2 = n. 

M 'S'm(P,w) = Qifu)^ a{MP). 

We have the following 

Lemma 3.5.(cf. Theorem 1.8.10 of |Lonl| l For any M G Sp{2n), there is a path f : [0,1] —?■ 
Q^[M) such that /(O) = M and 

/(I) = MiO---oMz, (3.16) 

where each Mi is a basic normal form listed in (3.12)-(3.15) for 1 < i < 1. | 

By Proposition 3.10 of [Do m, we have the Bott-type formula for {P, a;)-index: 

Lemma 3.6. For any 7 G Vr{2n), z G U and m G N, we have 


ip-..(7’"’^) 



0J^=Z 


= ’^pA'J)- 


UJ^=Z 


Now we deduce the index iteration formula for each case in (3.12)-(3.15). Note that the splitting 
numbers are computed in List 9.1.12 of [Lonl] . Let M = 7(r). 

( I b\ 

Case 1. MP is conjugate to a matrix | j for some b > 0. 

\o 1 ) 

In this case, we have {S^{P, 1), Sj^{P, 1)) = (1,1) by List 9.1.12 of |Lonl| and Lemma 3.4 (i), 
(hi). Thus by Lemma 3.4 (v) and Lemma 3.6, we have 

2m—2 

^p,i(7^”""^’^) = ^ ipAl) = X] *p,e2fcW(2m-i)(7) = (2m - l)(ip7(7) + 1) - 1, 




k = 0 




(3.17) 


Case 2. MP = I 2 , the 2x2 identity matrix. 

In this case, we have (5)J^(P, 1), Sfi^{P, 1)) = (1,1) by List 9.1.12 of |Lonl| and Lemma 3.4 (i), 
(hi). Thus as in Case 1, we have 


ip,1(7^”' ^’^) = (2m - 1)(ip,1(7) + 1) - 1, i2p^i(7^™ ^’■^) = 2. 


(3.18) 
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1 b 

Case 3. MP is conjugate to a matrix | | for some b < 0. 

0 1 

In this case, we have {S^{P, 1), S^{P, ij) = (0,0) by List 9.1.12 of [Lonl| and Lemma 3.4 
(hi). Thus by Lemma 3.4 (v) and Lemma 3.6, we have 

2m—2 




k=0 




(3.19) 


,-16, 

Case 4. MP is conjugate to a matrix ( | for some 6 < 0. 

0 -1 

In this case, we have (S^(P, —1), S]^{P, —1)) = (1,1) by List 9.1.12 of [Lonl] and Lemma 3.4 
(i), (hi). Thus by Lemma 3.4 (v) and Lemma 3.6, we have 

2m—2 

*^,^*^(7) = X] *^’.e2fcvri/(2m-l)(7) = (2m - l)ip,l(7), 




k=0 


i^P,i(7^™"^’-^) =0. 


(3.20) 


Case 5. MP = —I 2 . 

In this case, we have {S^{P, —1), S^{P, —1)) = (1,1) by List 9.1.12 of |Lonl] and Lemma 3.4 
(i), (hi). Thus as in Case 4, we have 


(3.21) 


.pi(7.m-i,r^) ^ (2m - l)ip,i(7), i^P,i(7"™"'’^) = 0 

/ -1 6 \ 

Case 6. MP is conjugate to a matrix I I for some 6 > 0. 

V 0 -1/ 

In this case, we have {S^{P,—l),Sj^{P,—l)) = (0,0) by List 9.1.12 of [Lonl] and Lemma 3.4 
(i), (hi). Thus by Lemma 3.4 (v) and Lemma 3.6, we have 

2m—2 

*p,i(7^”'"^’^) = ip,e^kni/( 2 m-i){j) = {2m-l)ip^i{j), (3.22) 

^pi(72m-l.P) ^0. 

( COS 9 — sin t , 

1 with some 9 € (0, vr) U (vr, 27r). 

sin 9 cos 9 

In this case, we have {S^{P, S]^{P, = (0,1) by List 9.1.12 of [Lonl] and Lemma 

3.4 (i), (iii). Thus by Lemma 3.4 (v) and Lemma 3.6, we have 

2m—1 

*P,l(7^"*"^’^) = ip,a;(7) = X] 


A:=0 


(3.23) 


^2m-l—l 


k=l 
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E 


{ 2 m.-l)e { 2 m-l)( 2 TV-e) 


= X] ^P,i(7) + 

+ X] *P,i(7) 

(2m-l)(27r-e) ^2k<im-2 

TT — 

= (2m-l)(ip,i(7)-l) + 2i?(^^^^V^)-l- 


(*P,i(7) - 1) 


27r 




(3.24) 


where the function E{-) is defined as in Section 1. 

Provided 9 E (0, tt). When 6 E (7r,27r), we have 

2m—1 

*P,l(7^”'"^’'^) = X] *P,^(7) = X] ^Pe2fc-/(2m-l)(7) 


a;2’^-l = l 

E 

0<2k< (2^-l)(2^-g) 


fc=l 

*P,i(7) + 


E 

(2m-l)(2Ti--9) C 


(*P,l(7) + 1) 


+ *P,i(7) 

(2’^-l)^ <2fc<4m-2 


TT — — 


/ \ / / \ \ / (2^ — 1)0 X 

= (2m-l)(zp,i(7) - 1)+2p;(-^- ^ ) - 1, 


2 p 


^p_l(72m-l,P) ^ 2-2</.( 


(2m - 1)0. 
^ ' 


(3.25) 


Case 8. MP = 


with some 9 E (0, vr) U (vr, 27r) and B = 


bi 62 

63 64 


E R 


2x2 


R{9) B 

0 R{9) 

such that (62 — ^3) sin 0 < 0. 

In this case, we have {S^{P, S]^{P, = (1,1) by List 9.1.12 of [Lonlj and Lemma 

3.4 (i), (iii). Thus by Lemma 3.4 (v) and Lemma 3.6, we have 

2m—1 

^P,l(7^”'"^’^) = Y1 *P,i^(7) = X] *Pe2feW(2m-l)(7) 




k=l 


/ \ / \ ^ / (2^77. — 1)0, 

= {2m - l)ip^i{'y) + 2(j){- -^- —)-2, 


2tt 


^p^i (72^-1,P) ^ 2-2</.( 


(2m - 1)0, 
^ ' 


(3.26) 


Here from the first line to the second line of Equation (3.26), we used that if ^^"2^^^^ ^ N, then 
't p ^h-Kij (2771.-1) (7) = *p,i(7) for all 1 < A: < 2m — 1 and if E N, then exactly two of the 

ipg2fc7ri/(2m-i)(7)’s eQuu! to ip,1(7) — 1 and the other ones equal to ip,1(7). 


Case 9 . MP = 


R{9) B 

0 R(0) 

such that (62 — 03) sin 0 > 0. 


with some 0 E (0, vr) U (vr, 27r) and B = 


5i 62 
63 64 


E R 


2x2 
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In this case, we have {S^{P, Sj^{P, = (0,0) by List 9.1.12 of [Lonl] and Lemma 

3.4 (i), (iii). Thus by Lemma 3.4 (v) and Lemma 3.6, we have 




2m—1 

X] *^’,‘^( 7 ) = X] *p,e2fevri/(2m-i)(7) = (2m- l)ip,i(7), 
,(2m- 1)6» 


= 2 - 2(t>{- 


2tx 


(3.27) 


Case 10. MP is hyperbolic, i.e., U n a{MP) = 0. 

In this case, by Lemma 3.4 (v) and Lemma 3.6, we have 

2m—1 

*P,l(7^”'"^’^) = X] *^,^*^(7) = X] *^".e2fcvri/(2m-l)(7) = (2m - l)ip,l(7), 

k = l 

i^p,i(7^™"^’-^) =0. 


(3.28) 


The following new theorem will play a crucial role in our proof of Theorem 1.1: 

Theorem 3.7. Suppose is a nonzero critical point of such that u corresponds to a 

P-symmetric closed characteristic (r, y). Then we have i{u^) — 3i{u) < 2K + 2n and i{u^) + p(tt^) — 
3{i{u) + p(u)) > 2k + 2 — 2n. In particular, we have the following 

(i) if i{u^) — 3i{u) > 2n, then e(r, y) > 2n — 2 k . 

(ii) if i{u^) + k(u^) — 3(i(u) + iz(u)) < 6 k + 2 — 2n, then e{T,y) >2n — 4k. 

Proof. Firstly, we compute ip,i(7^’^) — 3ipp(7) and ip,i(7^’^) + Kp^i(7^’^) —3(zp^i(7) + Kp_i(7)) 
for any symplectic path 7 G Vr{2n) satisfying 7 (t) = M. We consider each of the above cases. 

/ 1 5 \ 

Case 1. MP is conjugate to a matrix I I for some b > 0. 

\o 1 ) 

In this case, we have 

*p,i( 7^’’^) - 3ip,i(7) = 3(ip,i(7) + 1) - 1 - 3ipp(7) = 2, 

*p,i( 7^’’^) + i^P,i(7^’’^) - 3(ip,i(7) + i^P,i(7)) = 3(ip,i(7) + 1) - 3(ip,i(7) + 1) = 0. 


Case 2. MP = I 2 , the 2x2 identity matrix. 
In this case, we have 


ip, 1 ( 7 ^’'^) - 3ip,i(7) = 3(ip,i(7) + 1) - 1 - 3ip,i(7) = 2, 

ip, 1 ( 7 ^’’^) + Z2p,i(7^’’^) - 3(ip,i(7) + Pp,i(7)) = 3(ip,i(7) + 1) + 1 - 3(ipp(7) + 2) = -2. 


Case 3. MP is conjugate to a matrix 


1 b 
0 1 


for some b < 0. 
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In this case, we have 


ip, 1 ( 7 ^’^) - 3ip,i(7) = 3ip,i(7) - 3ip,i(7) = 0, 

ip,i(7^’’^) + J^P,i(7^’’^) - 3(ip,i(7) + i^P,i(7)) = 3ip,i(7) + 1 - 3(zp7(7) + 1) = -2. 


Case 4. MP is conjugate to a matrix 
In this case, we have 


-1 b 
0 -1 


for some 6 < 0. 


ip, 1 ( 7 ^’^) - 3ip,i(7) = 3ip,i(7) - 3ip7(7) = 0, 

ip,i(7^’^) + PP,i(7^’^) — 3(ip7(7) + Pp,i(7)) = 3ip7(7) — 3zp7(7) = 0. 


Case 5. MP = —I 2 . 
In this case, we have 


ip,i(7^’^) - 3ip,i(7) = 3ip,i(7) - 3ip7(7) = 0, 

ip,i(7^’^) + Pp,i(7^’^) - 3(ip,i(7) + Pp,i(7)) = 3ip,i(7) - 3zp7(7) = 0. 


Case 6. MP is conjugate to a matrix 
In this case, we have 


-1 b 
0 -1 


for some 6 > 0. 


ip,i(7^’^) - 3ip,i(7) = 3ip,i(7) - 3zp7(7) = 0, 

ip,i(7^’^) + Pp,i(7^’^) - 3(ip,i(7) + Pp,i(7)) = 3ip,i(7) - 3zp7(7) = 0. 


Case 7. MP = 


cos 9 
sin0 


In this case, we have 


— sin0 
cos 9 


with some 9 G (0,7r) U (tt, 27r). 


ip,i(7^’^) - 3ip,i(7) = 3(zp7(7) - 1) + 2£'(—) - 1 - 3zp7(7) < 2, 

ZTT 

ip,i(7^’’^) + Pp,i(7^’’^) - 3(ip,i(7) + z^P,i(7)) 

= (3(zp,i(7) - 1) + 2E{^) - 1 + 2 - - 3ip,i(7) 

= -2 + 2E(^)-2</>A>-2. 


/ R(9) B 

Case 8. MP = 

y 0 R{9) 

such that (62 — bs) sin0 < 0. 


with some 9 G (0, tt) U (tt, 27r) and B = 


bi 62 

63 64 
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In this case, we have 


*p,i(7^’'^) - 3ip,i(7) = 3zp,i(7) + 20(—) - 2 - 3ip,i(7) < 0, 

ZTT 

^p,i(7^’'^) + J^P,i(7^’'^) - 3(ip,i(7) + ^'p,i(7)) = 3ip,i(7) - 3zp7(7) = 0. 


Case 9. MP = 


R{e) B 
0 R{e) 


with some 6 G (0, tt) U (tt, 2tt) and B = 


such that (62 — bs) sin 6 * > 0 . 
In this case, we have 



G R 


2x2 


ip,i(7^’’^) - 3ip,i(7) = 3ip7(7) - 3ip7(7) = 0, 

30 

ip, 1 ( 7 ^’^) + Pp,i(7^’^) - 3(ip,i(7) + Pp,i(7)) = 3ip,i(7) + 2 - 2(^(—) - 3ip,i(7) > 0. 

Ztt 

Case 10. MP is hyperbolic, i.e., U n a{MP) = 0. 

In this case, we have 


ip, 1 ( 7 ^’^) - 3ip,i(7) = 3ip,i(7) - 3zp7(7) = 0, 

ip,i(7^’^) + Pp,i(7^’^) - 3(ip,i(7) + Pp,i(7)) = 3ip,i(7) - 3zp7(7) = 0. 


Now for a P-symmetric closed characteristic (t, y), H 2 ,T 2 is defined as in Lemma 3.1. Its 
fundamental solution 7 = 7 ^ : [ 0 ,T 2 / 2 ] —)■ Sp{2n) with 7 ^( 0 ) = l 2 n of the linearized Hamiltonian 
system 


iy{t) = JH2{y(t))'yy{t), V t G R, (3.29) 

is called the associated symplectic path of P-symmetric closed characteristic {T,y). By Lemma 3.5, 
we suppose 7(y)P is conjugate to oiVi(l, —l)*^+o(/2po)^-i^(^i)^'' •oR(0r)oiV2(a;i, Ri)o 

• • • o N 2 {c 0 s, Bg) o Mq with a{Mo) n (U — {—1}) = 0. Combining the above cases 1-10, we obtain 

ip,i(7^’'^) - 3ip,i(7) < 2p_ -I- 2po + 2r < 2n, 

ip,i(7^’’^) + '^P,i(7^’^) - 3(ip,i(7) + '^P,i(7)) > -2po - 2p+ - 2r > -2n. (3.30) 

And by Theorem 3.2, we have p(rt^) = Pp,i(7^’^) — 1, p(ri) = Pp,i(7) — 1, i(tt^) = ip,1(7^’^) — k, 
i{u) = ip,1(7) — K. Then we obtain 

i{u^) — 2>i{u) = 2P-|-ip^i(7^’'^) — 3fp,i(7) 

< 2p -|- 2p_ -|- 2po -|- 2r < 2 p -|- 2n, (3.31) 
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and 


i{u^) + z^(n^) — 3{i{u) + i^{u)) 

= 2k + 2 + ip ,+ i^p,- 3(ip,i(7) + i^p,i{7)) 

> 2k + 2 — 2pQ — 2p+ — 2r > 2k + 2 — 2n. (3.32) 

If i{u^) — 3i{u) > 2n, then by (3.31), we have 

2p_ + 2po + 2r > 2n — 2k, (3.33) 

i.e. e{'y{^)P) >2n — 2 k. 

If i{u^) + p(u^) — 3{i{u) + I'iu)) < 6k + 2 — 2n, then by (3.32), we have 

2po + 2p+ + 2r > 2n — 4 k, (3.34) 

i.e. e('y(Y)P) > 2n — 4k. Noticing that e{T,y) = e{'y{T 2 )) = e((7(Y)P)^), we complete onr proof. 

4 Proof of the main theorem 

In this section, we give the proof of the main theorem. 

Firstly, we point out a minor error in Example 6 on Page 278 of |DoL2] which is useful for us: 
Lemma 4.1. For any c > 0, we have 

if{cl 2 n\[o,s]) = 2/« (^(|^) “ l) + ~ 

Proof. Note that the definition of E{a) in our paper is different from that in [DoL2| by 1. In the 
proof of Example 6 of [DoL2j . t = Sk = {2k'K + ^tt)Ic should be changed into t = = {2kTT + 7r)/c, 

and the expression in (3.14) of |DoL2| is wrong. One can easily verify our expression in (4.1) is 
right. 

Note that since H 2 {-) is positive homogeneous of degree-two, by the (r, i2)-pinched condition 
we have 


xfP ^ < H 2 {x) < \x\'^r V X G S 


(4.2) 


Comparing with the theorem of Morse-Schoenberg in the study of geodesics, we have the following 
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Proposition 4.2. Let S G ^K(2n) which is {r, R)-pinched. Suppose is a nonzero critical 

point of^a such that u corresponds to a P-symmetrie elosed charaeteristic {T,y), and T 2 = A{T,y) 
as in Lemma 3.1. Then we have the following 

> 2 nl, if ~ ^ ^^^ 2 . (4 3 ) 

^ < 2n(/ - 1) - 1, if < (; _ (4.4) 


for some / G N. 

Proof. Consider the following three quadratic forms on L‘f.{0, {2m — l)r2/2) 

^( 2 m— 1 )t 2/2 4^2 

9 §m-l)r 2 / 2 ,K(^’ •= ^{ 2 m-l)T 2 / 2 ,Kv) + 

^( 2 m— 1 )t 2/2 

9{2m-l)r2/2,K(^^,^^) := / n(2m_i)T-2/2 ,k^^) + (^^2 (?/ 

Jo 

|•( 2 m-l)T 2/2 ^2 

9{'2m-l)r2/2,Ac(^>^) — + i^Jv,Jv)]dt 

By the (r, i?)-pinched condition, we have 


<li2m-l)r2/2,Kiv,v) > q(2m-l)T2 /2A'^ ’ ^ 9('2m-l)r2/2,«(^> ^)- 


Thus we have f2m-l)r2/2 ^ h2m-l)r2/2 < ^(2™-l)r2/2> ^here if2m-l)r2/2^ H2m-l)r2/2 and i[2m-l)r2/2 
denote the indices of qf 2 ra-\)T 2 l 2 ,K^ 9(2m-i)r2/2,K and q\ 2 m-\)r 2 l 2 ,K respectively. By Lemma 3.1, 
Lemma 4.1 and the condition in (4.3), we obtain 


aR 


^( 2 m-l)T 2/2 ~ *p(^ 2 ^ 2 n, 2 m 1 ) 


= 2k 
> 2 nl, 


■{2m - 1 )t 2/2 


27r 


) - 1 + 2(n - k) \ E{ 


-^{2m- l)r 2/2 + 7r^ 
2 ^r ^ 


- 1 


i{u 


2m—1 > 


= l( 


(2m-l)T2/2 > *(2m-l)r2/2 — 


R 


> 2nl. 


(4.5) 

(4.6) 


Hence (4.3) holds. Denote by the orthogonal splitting L^(0, (2m — l)r2/2) = © Lio ® E-\- 

of L^(0, (2m — l)r2/2) into negative, zero and positive subspaces. Then we have the following 
observation: If P is a subspace of Lf.{0, {2m — 1 )t2 /2) such that q[ 2 m-i)T 2 / 2 ,K is negative semi- 
definite, i.e., V gV implies q( 2 m-i)T 2 / 2 ,K{v,v) < 0, then dimV < dimE^ PdimE^. In fact, this is a 
simple fact of linear algebra: Let 


pr_ : L^(0, (2m — 1 )t 2 / 2 ) = E^ © Lio © -E'+ —^ E- 
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be the orthogonal projection. Consider pr-\V : V —)• E-. Then v G ker{pr-\V) must belong to Eq. 
That is, since q{ 2 m-i)T 2 / 2 ,K{v-,v) > 0,0 7 ^ G £'+. From 


dimV = dim Im{pr-\V) + dim ker{pr-\V) 


we prove our claim. 


Let e > 0 be small enough such that ^ If V is a subspace of 

L2(0, (2m - l)r 2 / 2 ) such that q(2m-i)T2l2,K I ^ < 0, then < 0,0 7 ^ u G F. Thus 


we have dimV < zL ^_i'| /o- In particular, by Lemma 3.1, we have 


(2m-l)T2/2- 


i{v?'^ — i{2m-l)T2/2 + ^ {q{2m-l)T2/2,i^ — 1 < i(2m 


( 2 m—1 )t2/2 


- 1 . 


(4.7) 


On the other hand, similarly to (4.5), by the condition in (4.4), we have 




< 2 n{l - 1). 


(4.8) 


Hence, i{u^^ ^) + ^) < 2n{l — 1) — 1. The proof is complete. 

By Theorem 1.1 of [LiZl| . we have: 

Lemma 4.3. Assume S G 'Hi^{2n) and 0 < r < |x| < i?, V x G S with ^ < \f2. Then there 
exist at least n — k geometrically distinct P-symmetric closed characteristics {Ti,yi) on S, where n 
is the minimal period of yi, and the actions A{Ti,yi) satisfy: 


vrr^ < A{Ti, yi) < VI < i < n — k. 


(4.9) 


By the proof of the above Lemma and Proposition 2.2, we have 

Theorem 4.4. Let {(ti,z/i), • • •, (t^-k, yn-re)} be the P-symmetric closed characteristics found 
in the above Lemma. Then we have 


4''„(ui) = 0, i{ui) < 2{i - 1) < i{ui) + z^(ui) - 1. 


(4.10) 


for 1 < i < n — K, where Ui is the unique critical point of'^a corresponding to {Ti,yi). 
Now we give the proof of the main theorem. 



we have 


r < \x\ < R, V X G S 


(4.11) 
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Thus by Theorem 4.4, we obtain n — k geometrically distinct prime P-symmetric closed character¬ 
istics {(ri,yi), • • •, {Tn-K,yn-K)} such that (4.10) hold. 

In the following, we prove e{Ti,yi) >2n — An for i = l,n — k. 

Note that we always have e(Ti, yi) > 2n — 4 k by the proof of Theorem 1 of |DoL2] , -^/l-pinching 
is not necessary. 

Note that we can prove e(ri,yi) > 2n — 2 k under y^-pinching condition. In fact, by (4.10), 
we have i{ui) = 0. On the other hand, from (4.9), we have 


where we used the pinching condition y < y f - By Proposition 4.2, we obtain 

i{uf) > 2n, 


then 


i(uf) — 3i(tti) > 2n. 

By Theorem 3.7 (i), we get e{Ti,yi) >2n — 2k. 

Now we prove e{Tn-K-,Vn-K) > 2n — 4k. In fact, by (4.10), we have 

2{n- k)- 1 <i{un-n)+ i^{un-K)- (4-12) 

On the other hand, from (4.9), we have 

(4- 1) ^ 3 . 5 9 , P p 

—^— A{Tn-K,yn-K) < -t^R < -Trr^ = (3 - -)vrr . 

By Proposition 4.2, we obtain 

< 4n - 1, (4.13) 

Combining (4.12) with (4.13), we obtain 

+ v{Un-n) - 3(i('«n_«,) -h v{un-K)) < 6k -b 2 - 2n, (4.14) 

then e{Tn-K,yn-K) > 2n — 4k follows from Theorem 3.7 (ii). The proof is complete. 

Acknowledgements. The authors would like to sincerely thank the anonymous referee for 
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